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Black holes

Black holes as a Quantum Gravity lab
® Address problems requiring an extension of GR
® String Theory provides a UV completion, in a unified theory, of GR
and QFT
® Exploit AdS/CFT as a tool to investigate quantum gravity
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Main areas of investigation Ads.,

1. Microscopic explanation
of black hole entropy

2. Formulation of
information paradox in
terms of entanglement
of quantum fields
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Need for a toy model

Information paradox = incompatibility among: [AMPS, ‘13]

® Unitary black hole formation and evaporation
® Validity of the semiclassical approximation for an asymptotic observer

® Existence of black hole microstates visible to an asymptotic observer as
states with exponentially small energy differences, thus Sgy = log(#dof)

® An infalling observer in the near horizon region experiences the vacuum

From AdS/CFT : unitarity is preserved

Black hole inner region is cut out from the physical universe (firewall), OR
effective field theory is not appropriate to describe non perturbative quantum
gravity.

How to characterize the breakdown of EFT?

— Study the problem in a toy model
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Entanglement of fields in a black hole
background

T —— ® Hawking radiation, ‘76 - near horizon
\Qﬂfm region is Rindler, the Hilbert space
decomposes as H = H; ® Hg (inside

and outside the horizon)

® Mathur's theorem ‘08: Violation of
Strong Subadditivity Principle for
entanglement entropy Sg of Hawking
radiation.

® In a dual picture, from AdS/CFT,

unitarity of black hole evaporation is
guaranteed [Kaplan at al. ‘17]
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Proposals

1 Firewalls: Give up the Equivalence principle: the near horizon region
is not vacuum, the inner region is not accessible, it is cut out from
spacetime [Almheiri, Marolf, Polchinski, Sully ‘13]

2 State Dependence: Evade strong subadditivity principle by
identifying modes outside the horizon with modes inside the horizon
through mirror operators [Papadodimas, Raju ‘13 ]. Truncation of the
operator algebra, problems of overcompleteness of the basis
(Jafferis).

3 Vacuum structure: Mathur's theorem: quantum gravity effects
cannot prevent information loss if (they are confined to within a
given scale and) if the vacuum of the theory is assumed to be
Unique. [Hawking, Strominger, Perry ‘15]

4 Non-perturbative effects play a fundamental role (Giddings),

factorization of Hilbert space break down for semiclassical gravity
(Harlow-Jafferis)...
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A toy model

Black hole paradoxes

® Reformulation of the
information paradox in terms of
purely field theoretic data

® |nvestigate the nature of
non-perturbative quantum
gravity corrections to black hole
physics.

A. Gnecchi

Toy model

— A new holographic tow model
that incorporates a specific
proposal for the nature of QG
corrections to BH physics

— The model consists of a
quantum mechanical particle in
a double well potential.
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Double well potential

Vi)

1 1
V(X) = 327)\—1(.4.}2X2+2W4X4
governed by the standard
Hamiltonian | " i v | v
1, i >
H= EP + V(X) ww ™ 0 =
® Semiclassical vacuum states: ¢k, oK, around the minima
1 . \ 1
X = — ~ —
bR 2wV A N2

® Max at V, = 32%

® Define a decoupling limit as A — 0. Physically, the system can be
thought of two decoupled harmonic oscillators, described by a tensor
product Hilbert space H = H; ® Hg.
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Goal of the toy model

Construct a well defined perturbative theory in the regime A < 1, as
the tensor product of two harmonic oscillators

Heff _ HL ® HR
® This effective field theory captures many paradoxes associated with

the semiclassical treatment of black holes

Explore dynamical processes, for example tunneling and evolution of
coherent states

® Quantify how interactions resolve the paradoxes
caveat: will work with fix frequency w = 1, will not be able to

capture thermal behavior, for which an ensemble of modes is
required.
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Hairy black holes in N=8 Supergravity

Effective N' = 8, 4D gauged supergravity from M theory on AdS; x S’
S= /d4x\/fg {%R — %(V(ﬁ)z + 2 4 cosh(v2¢)

AdS, vacuum (2 =1) at ¢ =0
Scalar masses m? = —2, the scalar ¢ of an asymptotically AdS, solution decays
at large radius as

o(r) ~ % + g , r— oo
The dual, boundary theory is defined by the choice of boundary condition (),
corresponding to multi trace boundary terms

w(e) = [ p(@)da
0
defines designer gravity boundary conditions: [ W(O) perturbation to the dual

CFT action.
Certain deformations W give rise to field theories with additional vacua.
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Hairy black holes in N=8 supergravity

[Hertog, Horowitz, ‘04]
Conserved mass of spherical solutions is given by

M = Vol(5) [Mo + a + W]
The precise correspondence between solitons and field theory vacua is given by

V(a) = — /0 ® Bu(@)dé + W(a)

where 3;(«) is obtained from the asymptotic scalar profiles of spherical soliton
solutions with different values ¢(0) at the origin r = 0.
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Toy model interpretation

1 Single-sided black hole solutions in global AdS with scalar hair.
® Perturbative degrees of freedom on both sides of the horizon,

coupled through multi-trace interactions.
® Decoupling limit corresponds to singular horizon.

2 Not only entanglement but also interactions between the boundary CFTs.
* Perturbative vacua dual to the two asymptotic regions on both sides of
the horizon.

— The potential barrier in the dual toy-model is a proposal for a specific
interaction between left and right modes in the bulk, |nk). and |nk)r

ik 1
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Double well potential

— Canonical quantization either o
around x; or around xg, ignoring all v
interaction terms.

— Two separate Fock spaces F;

and Fgr equipped with two pairs of
creation and annihilation operators | " " v Iy
b[_, bir and bR, bg

7
=Xz = =X 0 x —_ X
2 =75 1 1 2

However, while formally independent, these two Fock spaces must be
related since they arise from the same system.
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The theory around semiclassical vacua

Perturbation theory H = H,(QO) + Hf?l), oo
YR =X — XRr .
1, 1,

A
HO = SP°+ Yk HY = Vayd + SV,

Standard canonical quantization based on H,(?O) | n ||| v v
around xg yields a Fock space Fr with a set of
basis states |n)r, together with a pair of R L
creation-annihilation operators bg, by

1
N

® Associate to these Fock spaces two observers, obs; and obsg

br|0)r = 0, In)r = (br)"0)% -

® The state |0)r as the natural semiclassical vacuum for obsg, the excited
state |n)g is n-particle state.

® The left observer regards |0); as the semiclassical vacuum and |n), as an
n-particle state.
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The theory around semiclassical vacua

HO normalized eigenfunctions {¢p}nen

V()

1 2

- - -
©n(x) 7r1/4\/ﬂHn(X)e , x€eR.
Cannot compute [by, br] as the c
operators act on different Hilbert . " " v v
spaces.
— Relate F; and Fr o= o 0 x o= on )
Fr © Fr 3 |ng) — o5 € H, n(x) = @n(x — xr) ,
Fu: Fia|m) — op € H, en(x) = (O9n)(x) = (=1)"pn(x — x) -

CPT operator © acts on elements ¢ € H as (Ov)(x) = 9™ (—x)
Total Hilbert space H is isomorphic to each Fock space F; and Fr separately,

H=EFr=FL;

There is no tensor product. The interactions provide a non-trivial identification
of the two Fock spaces within a single .
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The theory around semiclassical vacua

Compare the perturbative description of the asymptotic observers.

® Define new annihilation operators ag, a, constructed from bg, b, that do
have a well defined action in H:

ar = FrbrFg, aL = FibiF Y,
® Their action is
arpn = Vnps—1, agen = Vn+1ema
aLes = Vnen_1, alon =Vn+1lpn,

® The action of a; is related to the action of ar by the parity operator,
aL = @aR@

Notice: Left and right creation-annihilation operators on one side and the
other of the horizon are related in Papadodimas-Raju proposal.

Interactions re e state-dependen model
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Perturbative theory operators?

Creation-annihilation operators are related as o

a 1 I[—-a N I—-a
t=——F=l—-ar=——F1-ar

V22X V2
since the eigenfunctions ¢, @r are related by a
displacement. i w

® |t does not possess a finite decoupling limit N — oo as an operator
statement: instead of approximating the free field creation-annihilation
operators by, b}, bg, bjt, these operators diverge in the decoupling limit.

® These operators have wrong commutation relations
[aL7 QR] = [32-7 a;] =0, [aL7 a;] = [aR7az—] =-1.

in sharp contrast with the expectation of black hole physics that left and
right creation-annihilation operators commute as a consequence of the
locality of semiclassical physics near the horizon.
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Decoupling limit

® X\ — 0 limit requires some care Voo

® We expect to end up with two separate
harmonic oscillators with the tensor
product Hilbert space Ho & Fi ® Fr

® However, the interaction Hamiltonian Hg)
vanishes for A = 0:

A
Hf(?l) = \/X}’?? + 5)’/%

From the point of view of the vacuum at xg, the second vacuum moves away
and a single harmonic oscillator Hilbert space Fr remains, it looks like every
state L disappears as A — 0, so the limit is singular.

Notice: This is also the case in the bulk for the black holes with scalar hair - In
the limit in which the vacua in the dual theory decouple, a curvature singularity
at the horizon develops, effectively dividing the inside and outside regions in
two separate spacetimes.
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Energy levels

Energy eigenstates and energies can be computed numerically to arbitrary
precision

|
\
|
\
|
\
I
!
|

For every quantity in the effective theory regime:

f(X) is non-perturbatively small if f ~ 0 as A\ — 0%, where ~ denotes the
asymptotic expansion.

f()) is non-perturbatively small if f(A\) = o(\") for all n>0as A — 0"
(non-perturbatively small terms ~ o(\*°))




Energy levels

Double well potential is invariant under x — —x, [©, H] = 0.
Decompose the Hilbert space as H = H* @ H ™, where @©H1 = H™ and
©H™ = —H~. We denote energy eigenstates by

HVY = Efvy |
The corresponding energies satisfy E;/ < E, and their difference
AE, = E; — E;f is exponentially small (instanton effect)
2

Ey —E = m* [1+O(\)].
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Microstates

AE, ~ 0 in general is a non-perturbative effect, hence exponentially small for
energies E;- < V. = 1/(32)).

® Interpr: every pair of energy eigenstates W corresponds to two
microstates with exponentially small energy splitting due to
non-perturbative effects.

® Dual description of black holes in N=8 SG:

® (perturbative) dof on both sides of the horizon — excitations around
different perturbative vacua: significant support around both minima
of the potential as the dual description of a black hole microstate

® semiclassical states centered around one of the two vacua only —
spacetimes without a black hole
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Microstates

There are microstates of any energy E < V. Consider the lowest energy
states and the space

M={aV§+a_V; : ar €Ch

for any normalized state p € M, its energy is non-perturbatively close to
the ground state energy

(ulH|p) = Eg” + o(A>)

In perturbation theory the ground state is degenerate

® 1 € M is the subspace of perturbative vacua
® Each element y € M is a perturbative vacuum

~ a correspondence between the (degenerate) energy E, of the states
and the mass of the black holes.
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Microstates

— Single asymptotic observer with easy access to the
right portion of the wave function only

® The right portion of the wave function specifies a
macrostate

® Microstates differ in the shape of the wave
function around x;

— A pair of observers in two distinct asymptotic
regions as e.g., in the case of double sided, eternal
black hole.

® A macrostate is given by two independent pieces
of the wave function: the left portion, ¢, and the
right portion, g represented by a tensor product
11 ® YR - microstates are all states of the form
aLQZJL + agryr for ay,ar € C.

® Each microstate is a specific continuation through
the potential barrier that eludes both observers.
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Microstates

— In perturbation theory various microstates cannot be
distinguished:

Sg = log dim Hsine = log 2.

Bolzmann entropy associated with a single pair of
harmonic oscillators

There is no ensemble
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Firewalls

Number operators for L,R asymptotic observers
N[_ = Hio) = az_a[_, NR = Hl(?o) = afgaR

An infalling observer has access to perturbative physics inside and outside
the horizon:

Na = Ni + Ng + O(VA) = af a, + ahar + O(VN),

® at A = 0: sum of excitations of two decoupled harmonic oscillators

® at small coupling: corrections of order O(v/\)?
- For semiclassical vacua

1
(6| Neles) = (o | Nelps) =0, (walNrlwo) = (6 [Nileg) = 5 N

- For typical states

WINal) 2 SN {1 +o (%)} .
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Firewalls
® Energy of the states remains small:
L L R R 1.3
{polHlpg) = (wo|Hlpg) = 5T §>\-

® For obsg, the semiclassical vacuum state <p(L) is a highly excited state.

1

L Ry (FD)"emw

<(p0|<pn> \/W

(=1)"(¢" | ")
0.20 ~

J

50 100 150 200

n

For obsg, highly energetic modes are excited with max: n ~ i ~ N2,
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Firewalls

Relation with the ground state of the full Hamiltonian:

1
VE = (o + ok + O(V)).
0 ﬁ(% ©0) (VA)
States of low energy, highly populated both with respect to N; and Ng

and
1

1
(W Nel¥) = o) = 32 (140 ()]
— the number operator Ny, on generic microstate of the form p € M,
shows a firewall
® Microstates are indistinguishable by obs; g, with access to the
perturbative physics only.
® |Interactions: non-perturbative level splitting — source for entropy.
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Perturbation theory

How to understand what happens?

® From the interacting model, identify the perturbative degrees of
freedom for obs; r

PE € Hpen

® Construct well-defined, perturbative creation annihilation operators

aLr, §JLR on H

Verify they have a well defined decoupling limit

Identify a tensor product structure for the effective theory

® Connect the effective theory to the full theory (operators, states..)
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Limits of perturbation theory
Perturbation theory breaks down around x; r, when the occupacy numbers are
n,mn~ N?= %
® The overlap between the left and right semiclassical modes becomes
significant:
nl®n 14+ 0(A
(nlen) = (2>\)n I[ +O0(N)]-

® When n is of order 1/ the correction is of the same order than the
unperturbed part

1 3
(R H|pRy = SHn+ §A(zn2 +2n+1).

® afteratimet~ N
(PR1e™ ™MoR) = dum — i PRI HR J0R) +

® The subleading terms in the commutation relation

3
“VAyk — \W2y3
\/5 YR YR

[H7 aR] = —dar —

become relevant whenever n ~ N2.
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Summary: deconstruction of DW potential

® |dentification of the notion of

- Asymptotic Observer

Perturbative Vacua

- Semiclassical States and their Fock space
- "dual black hole” microstates

® Perturbation theory cannot resolve the fine-grained feature of
microstates

— Non-perturbative level splitting is a source of entropy.
® Creation-annihilation operators do not possess a well defined A — 0
limit
— They cannot be used to define creation-annihilation operators for the
asymptotic region.
To do: correctly identify perturbative degrees of freedom as perceived by
asymptotic observers.
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Effective theory

Is it possible to define:

~ R R A~ L7
drepy = Vnop 1, drypy, =0,
s+ R 2 R st L2
dppy = Vn+lpg, apen =20

A new number operator N, defined by means of the hatted operators
Na =84, + 3% ar
would then act on the energy eigenstates \IJOi

A 1
NalVg) = \ﬁ(agaw{f +aj arpg) + O(VA) = 0+ O(VN).

— no firewall
PB Such operator does not exist, the basis {¢L R}, . is an
overcomplete basis
1 truncate the basis at finite n < N
2 projected operators

Interactions resolve state-dependenc

A. Gnecchi




Effective theory
Proposal for ‘orthogonalizing’ the overcomplete basis {gp,ﬁ, go,’f},,

® symmetric and antisymmetric combinations of all energy eigenstates,

1 1
Vo= —= (Vi —Vy), W= (Vi vy
75 ) 7 )
two Hilbert subspaces
He = span{\ll,ﬁ},,, Hr = span{\llf},,.

* (WLlvE) =0
H=HL D Hr, Hi L Heg, OH = Hr, OHr = Hi.

® Projected operators : 4, = Pa Py, ar = PrarPr.

® Number operator on the direct product space is
NA =P/ NP, ® PrRNrPr = PLaZ'aLPL —+ PRa;aRPR.

® YL WR are perturbative states
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Perturbative Hilbert spaces

Define N? on perturbative states 1) = a;ph + areR, on which:

([Naly) = |ac]*m + |ag[*n + O(V).

* V=i + 0(VY)

® PryoR = Pr [wf + O(ﬁ)] = ¥R+ O(VA) = ¢R + O(V)

® 5358r0R = PrafarPropf = nef + O(V))
thanks to the relation between ¢ and W, or equivalently between Hg and Fr.
Comments:

® Semiclassical state ff ¢ Hg, perturbative right Hilbert space

® of € Hg, then Opf = o € H,. But (¢F,¢h) #0

While R is not an element of the perturbative Hilbert space Hg, its projection
Prof € Hg is non-perturbatively close to ¢f. In perturbation theory, one
cannot distinguish the two states.
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Perturbative states

Their support is concentrated around each minimum.
They are defined accordingly to their behavior as A — 0.

e.g. of and h implicitly depend on .
— We will refer to the elements of the family {¢x}x>0 as a state ¥ € H.

def. 4, is perturbative with respect to the right minimum if F,;lq[),\ converges
in norm in Fg when A — 0.

Comments:

® all states o are mapped to |n)g € Fr, which are A-independent in Fg.
Hence all ©f are trivially perturbative with respect to the right minimum.

® Wl which possesses two bumps. By going to Fr we may simply position
ourselves at x = xg and send A to zero. The right portion of the wave

function then concentrates around the right minimum and approaches @5.

As the left minimum moves away to —oo, the left portion of the wave
function is lost in the decoupling limit A = 0.

— neither W nor Wy are perturbative with respect to any minimum.

A. Gnecchi Interactions resolve state-dependence: a toy model

34



Perturbative operators

(i) preserve the direct sum up to non-perturbative effects

(ii) have a well-defined decoupling limit

A:( A A > D HL D Hr — Hi ® Hr
ArL  Arr

then: (i) ALr and Ar. must be non-perturbatively small
Air = 0o(A™) and Agr = o(A™);
and (ii) the decoupling limits A — 0 of Ay, in H, and Agg in Hr must exist.
Comments
® 5,,4f,4r, 4%, Na by construction perturbative.
® In black hole physics, locality at the level of the effective bulk theory
requires that left and right operators commute
(4, 8] = [4r, 8F] = 1+ o(1™), (4L, 3r] = [4L, 47] = 0.

The canonical commutation relations on H; and Hg are altered by a
non-perturbative factor, while left and right operators commute.
[Papadodimas, Raju ‘13, Kabat, Lifshitz ‘14, Raju ‘16]
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Perturbative operators - comments

® The original Hamiltonian H is a perturbative operator. The
off-diagonal elements PrHP; = o(A*°) and P HPr = o(\*°) are
related to the tunneling rate and can be calculated by standard
methods within the WKB approximation.

® This statement remains true for all energies, even if actual matrix
elements become numerically large.
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Operators on the tensor product

In the decoupling limit the structure of Hilbert space is expected to be that of
a tensor product

FiL® Fr, br,bl, — 1®bg, 1® b}

Low energy states W,,, = W5 + WR for m, n < N approximate states of two
decoupled harmonic oscillators.

Au®1+1®Ar: Xm®XE — (/\:va'i‘)\f)(XLm@Xf)-

Define in the same way on the direct sum, identified canonically
A Xn) = (Am + A%) (Xms X0)
But the operator is non-linear. In order to preserve linearity:
Ar(Xm R) = PRA(Xm: ¥r) = (Aml + Arr) V.
which introduces state dependence.

(X @ Xn A2 X @ XK) = A 4+ AR = (X XA (e XF))-
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Effective field theory states
Since H. @ Hr = H. X Hr through the canonical, bilinear map
s(xL, Xr) = xL ® xr one can define states in the effective theory from
perturbative states in H; ® Hg

pr x=xt+xr — X" =Ns(x) =N x® xr,

If either x; = 0 or xg = 0, then x* = 0: if ¥ € H is perturbative with respect
to any minimum, then x*T = 0. We will say that a state is typical if it is
represented by a non-vanishing effective state in the effective theory.
® The image of p is the set of Yerr € Hperr With therr ~ €)1 @ Pr. All
states in H of the form

Y = o + aripr, with \CVL|2 + |0‘F\’|2 =1

® The state ¥" are macrostates, corresponding states 1) are microstates,
thus parametrized by (o, ar) € C?
Non-perturbative effects allow to probe the wave function part, through the
potential barrier. This is invisible in the effective theory, and its reflected on
the appearance of macrostates.
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Hawking radiation as tunneling

® WKB: T =e " A= [" /2(V(x) - E)dx , w

®*E~V, 6=V,.—E.

AN, 8) = V218 + 3v21A6* + 0(8°),

. . . 2
Approx. tunneling in an iho Viy, = _‘*’2va for a I ' ! Y
particle with E = wJ. e R =
. . 2 8
® Black hole scattering matrix: Hino = 5 — %yzxz
RTINS NINONR
B N S A N
= — (= — —), = ——I (== —),
V2w 2 v V2r 2 v
[Gaddam, Papadoulaki, Betzios ‘16]
-5 0 5 x

® Tunneling rate: Fho(E = wd) = exp (—2ﬁ7r6 — 6v27A6% + 0(63)).
cft [Parhik, Wilczeck, ‘99], with w ~ v/ A3, M ~ 1/v/X = N.
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Chaotic evolution

Classical particle with energy

0 < E < Vi, = V(0). Orbit remains ‘outside
the black hole’, i.e., it does not cross the
maximum of the potential at x = 0.

VIs & |yl2
0 v

® The period diverges logarithmically when
E — Vi
Ttrapped = \@|0g (%) + O(E), sign of
criticality

® Close to the tip, iho-driven dynamics:
x(t) = xo cosh(vt) + v /v sinh(vt)
at large times a position perturbation
grows
5x(t) ~ €"*(6x0 + Swo/v).
This is by definition chaotic behavior with
the Lapunov exponent

V:w/ﬁ: 1/\@
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Conclusions

® A quantum mechanics toy model where to study the details of
perturbation theory.
® A naive perturbative limit gives rise to inconsistencies
® |t is possible to give a well defined perturbative description, upon
® Introducing degeneracy of states (entropy)
® Introducing state dependence
® Perturbation theory breaks down when effects sensitive to the
microstate structure take place
[Ghosh, Raju ‘ 16]

® Dynamics of the model show characteristics of black hole physics
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	Motivations
	Toy Model
	Effective theory
	Dynamics

